ABSTRACT. We investigate classes of algebras which can be obtained by a direct limit construction from an algebra. We generalize some results from monounary algebras.
For n ∈ N and A 1 For the notion of a direct limit, c.f. e.g. G rä t z e r [1, §21] . Let P, ≤ be a directed partially ordered set. For each p ∈ P , let A p = (A p , F ) be an algebra of some fixed type. Assume that if p, q ∈ P , p = q, then A p ∩ A q = ∅. Suppose that for each pair of elements p and q in P with p ≤ q, we have a homomorphism ϕ pq of A p into A q such that p ≤ q ≤ s implies that ϕ ps = ϕ pq • ϕ qs . For each p ∈ P , suppose that ϕ pp is the identity on A p . The family {P, A p , ϕ pq } is said to be direct.
Assume that p, q ∈ P and x ∈ A p , y ∈ A q . Put x ≡ y if there exists s ∈ P with p ≤ s, q ≤ s such that ϕ ps (x) = ϕ qs (y). For each z ∈ p∈P A p put
. Then the algebra A = (A, F ) is said to be the direct limit of the direct family {P, A p , ϕ pq }. We express this situation as follows
Let A = (A, F ) be an algebra and (1) hold. Let A p ∼ = A for every p ∈ P . Then we say that A is obtained by a direct limit from A or that A is a direct limit of A.
We denote by LA the class of all algebras which are isomorphic to some algebra obtained by direct limits from A.
It is obvious that if every endomorphism of A is an automorphism, then
For monounary algebras the opposite implication holds, c.f. [6, Theorem 2.2].
Algebras A with LA = LB ∪ [A]
Denote by EA the set of all algebras which are endomorphic images of A.
It is easy to see that, in general, [EA] ⊆ LA need not hold, c.f. e.g. [5, Lemma 4] .
Denote by S the class of all algebras A such that every surjective or injective endomorphism of A is an automorphism. We will prove that B ∈ LA.
Without loss of generality we will suppose that B ∈ EA. Assume that ϕ is an endomorphism from A onto B. Since EB = {B} and B ∈ S, we have that ϕ B is an automorphism of B.
Let ≤ be the natural ordering of the set N. For every n ∈ N, let A n = (A n , F ) be an algebra isomorphic to A and A n ∩ A m = ∅ whenever m = n. Let ψ n be an isomorphism from A onto A n . Let ξ n,n be the identity mapping of A n . We define ξ n,n+1 = ψ
For every b ∈ B we put Φ(b) = ψ 1 (b). We will show that Φ is an isomorphism from B onto D.
is an injective mapping, because ϕ B is an automorphism of B and ψ n is an isomorphism from B onto (ψ n (B), F ). Thus a = b.
Suppose that z ∈ D. Consider n ∈ N and y ∈ A n such that y ∈ z. Since ξ n,n+1 is onto ψ n+1 (B), we have (ψ
The mapping ϕ B is an automorphism of B and so there is w ∈ B such that ϕ n (w) = (ψ
We have [A, B] is a subset of LA. To see the opposite inclusion let (1) hold and A p ∼ = A for every p ∈ P . Two cases can occur:
(ii) For every p ∈ P there exists q ∈ P such that p ≤ q and ϕ pq (A p ) = A q .
We claim A ∼ = A in the first event and A ∼ = B in the second one.
EMÍLIA HALUŠKOVÁ
Consider (i). Denote Q = {q ∈ P : p ≤ q}. Let q, s ∈ Q be such that q ≤ s. We have ϕ qs (A q ) = ϕ qs (ϕ pq (A p )) = ϕ ps (A p ) = A s . Thus ϕ qs is an isomorphism from A q onto A s . Conclude A ∼ = A, because Q is cofinal with P . Now consider (ii). Suppose that for every p ∈ P there exists q ∈ P such that p ≤ q and ϕ pq (A p ) = A q .
Choose p ∈ P . Take q ∈ P such that p ≤ q and ϕ pq (A p ) = A q . Denote R = {r ∈ P : q ≤ r}. Let B r = ϕ pr (A p ) and B r = (B r , F ) for every r ∈ R.
Then B r ∼ = B and R, B r , ϕ rs B r is a direct family. Let R, B r , ϕ rs B r → B.
We have B ∼ = B.
Let r ∈ R and let s ∈ P be such that q ≤ s and ϕ rs (A r ) = A s . We have (ϕ rs (A r ),
we obtain that ψ is an endomorphism of (ϕ rs (A r ), F ). Thus ϕ rs (A r ) = B s according to E(ϕ rs (A r ), F ) = {(ϕ rs (A r ), F )}. That means that the direct limit of {R, A r , ϕ rs } is isomorphic to B. We conclude A ∼ = B, because R is cofinal with P .
Example. Let B, C be monounary algebras such that B is a three-element cycle and C is a three-element cycle too. Let A be a disjoint union of B and C. b) Suppose that for every p ∈ P there exists q ∈ P such that p ≤ q and
The mapping ϕ pq ψ p (B) is a homomorphism of the algebra (ψ p (B), F ) into (ψ q (B), F ) for every p, q ∈ P , p ≤ q, according to Lemma 1.
is a direct family. Denote by B the direct limit of this family. Since the algebra (ψ p (B), F ) ∼ = B for all p ∈ P , we have B ∈ LB. ÓÖÓÐÐ ÖÝ 1º Let A ∈ S. Further, let B be a subalgebra of A such that
On monounary algebras
In this section all monounary algebras which satisfy all assumptions of Theorem 1 will be described and we will see that there exists a countable system of types of monounary algebras which satisfy all assumptions of Corollary 1.
We will handle algebras from [5] . We use the same terminology, notation, and symbols as in [5] . 
P r o o f. Assume that (i) is fulfilled. Then A ∈ S according to the construction of all homomorpfisms between two monounary algebras, c.f. [9] . 
